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o find the resulta iv .
;3-;nTp0ints of a rigid b::(tiyor P et
Let any arbitrary chosen point O be taken as origin or base point and
axes of co-ordinates Ox, Oy, Oz. Let F,F,, ... be a system of forces
acting at different points A (x,,y,z)), Py(x;.y,.2;)... having the
components (X, Y.Z,), (X3,15,Z,), ... parallel to the axes.
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At first consider the ferce F,. Draw AM, perpendicular to the xy
plane, M\ N perpendicular to Ox and draw a line O N S, parallel to Oz,
so ON; =x;, N\M; =y and MR =z

Introduce the forces Z, along N 101, N,5,,0z and Oz . These forces

being two sets of equal and opposite forces do not alter the effect of
given system of forces. Thus we have five equal forces acting parallel

to axis of z.

Now the forces Z, along A
iS Z]‘MINI =y,Zl ’ in a plaIlC perpepdl
direction about Ox; so they are equiva
along Ox and is positive.

The force Z, along N9 and OZ’
moment is Z, ON, = x,Z; , in the plane pe
negative direction about 0.

T, and NS, form a couple whose moment
cular to Ox and in the positive
lent to a couple whose axis 1s

form another couple whose
rpendicular to Oy and in the




Ilcnc?' the force Z, at P, is equivalent to: a force Z, at O along Oz, a
couple of moment (+y,Z, )about Ox and a couple of moment (—x,Z,)about
Ov.

Similarly the force X, at A is equivalent to:

a force X, at O along Ox,

a couple of moment +z, X, about O y

and a couple of moment (—y, X,) about Oz.

Again the force Y, at P, is equivalent to:

a force ¥, at O along Oy,

a couple of moment x,¥, about O Z

and a couple of moment (-z,Y,) about Ox.

Hence finally the three component forces X,,¥;,Z, acting at
B (x,,y,,z)) are equivalentto

forces X,.¥,,Z, along Ox, Oy, Oz respectively,

a couple y,Z, —z,Y, about Ox., |

a couple z, X| — x;Z, about Oy

and a couple x,Y; —y, X, about Oz.

In a similar manner we may replace the forces acting at other points
(X3,¥2,23), . . .whose components (X,,},,Z,), . . .by forces along

Ox, Oy, Oz and couples about those axes.

Therefore, the whole system of forces is equivalent to

a force along Ox= X, + X, +“'=ZX| =X,

a force along Oy =Y+t +-= K=Y,

a force along 0z=2,+Z,+ =Y 7, =2,

a couple of moment = (3,2, -7, Y;) about Ox = [

a couple of moment =) (z, X, —x,Z,)about Oy=M ,
and a couple of moment = Z(le] —lel)'about Oz=N.

Again these three forces are equivalent to a single force R acting
through O, such that R? = X? +¥? + Z? and the direction cosines of its

X ¥ Z . .
line of action are —,—,— . Similarly the three couples of moments L,

R'R’R
M, N are together equivalent to a single couple of moment G, such that



2 B 2 2 2 . . "
Gr=DP+M+ N* and the direction cosines of its axis are A"Ai
G G

.
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Hence the _entire system of forces acting on a rigid body has been
reduced to a single force R acting at arbitrary chosen point O t(;gether
with a couple of moment G whose axis passes through O

6.3. General conditions of equilibrium
The forces acting on body keep it in equilibrium if and only if
(i) the force R has no tendency to give translational displacement to

the body so that
R=0=>X=0,Y=0,Z=0

(ii) Couple G has no tendency to give rotational displacement to the

body so that

G=0=>L=0,M=0,N=0.

Thus the necessary and sufficient conditions for the equilibrium are
that X =0, Y=0,Z2=0, L=0, M=0, N=0.

Note: The combination of a force and a couple is often called a
dyname and the six quantities X, ¥, Z , L, M, N are its components or
elements of the system sometimes its denoted by (X, Y, Z; L , M, N).

6.4. G changes when the base changes but R does not change
Let a system of forces acting on a rigid body can be reduced to a

single force R acting through an arbitrary chosen point O and a couple
of moment G whose axis passes through that point O where

RI=X2+Y2+Z2, G =+ M?+N?2.
Let O'(E,1.£) be any other base. To find the values of six components

wrt base O we transfer the origin O to O’ . Due to this changes co-
ordinates of the point of application of the forces remains change,

—&,y,—M,z; =€) ... €tc, but components (X;,Y,Z,) ... etc.

viz., (X
e X, Y, Z remains unchanged but L, M, N

remains unchanged. Henc
remains-changes to L', M’, N’
where L= 2{(_}’1 -n)Z,—(z, ~O)%}
=2 (nZ ~7¥) -2 Z, +0Y,
- = L-nZ+LY,
M’ = 2{(21 ~0) X, —(x ~§)21}
E Z(Zle —xlzl)_CEXl +E-'221

=M-{X+E&Z.



N'=Z{(Il &)Y, = (» -n))ﬁ}
=Y (a} - X)) -EX N +n X,

=N-EY+nX .

Thus L, M, N are changed and therefore G changes when the
changes but R does not change.
6.5. Definitions

Central axis: [f a system of forces acting on a rigid body be reduceq
to a single force together with a couple whose axis is along the direction
of the force, then that line is called central axis.

Wrench : Suppose a system of forces is reduced to a single force p
and a couple of moment T = Gcos® whose axis coincides with the
direction of acting force.Then R and T taken together are called wrenck,
of the system and are fw‘itren as (R,T).

Pitch : The ratio il is called the pitch of the system and is of q
linear magnitude. -

Intensity : The single force R is called the intensity of the wrench,

Screw : The straight line along which the single force acts when
considered together with the pitch, is called screw. So, screw is a definite
straight line associated with a definite pitch.

Note : When pitch, is zero then wrench reduces to a single force
(I' =0) . When pitch is infinite then R = ¢ hence wrench reduces to a
cuple I only.

6.6. A given system of forces are acting on a rigid body can be
reduced to a single force together with a couple whose axis coincide
with the direction of the force.

Or, Every given system of forces acting on a rigid body can be

reduced to a wrench.

We know that every system of forces acting on a rigid body can be
reduced to a single force, say, R , acting at any point O along O4 (say)
together with a couple of moment G about a line OB (axis) through O.
Let £40B =6 . Draw OC perpendicular to OA, in the plane of 40B, so
that O4, OB and OC all in one plane AOB. Again draw OD perpendicular

to the plane AOC (Fig.1).
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Now the couple G about OB as axis is equivalent to a couple G

cos8 about O4 as axis and a couple G sin® about OC as axis (Fig.2).

Again the couple G sin© acts in the plane 40D because its axis oC

o the plane AOD. Hence the couple G sinf can be

is perpendicular t
Gsin®.

replaced by any two equal unlike parallel forces of moment

Let one of the forces be R acting at O in the direction opposite to
OA. Then the other force must be equal to R acting parallel to O4 at

some point ()’ , say, in OD, such that




R.OQ = GsinB

e, 00 = ('—-f;"-g(ﬁg. 3)

Now the two equal forces R at O in opposite directmns. %
balance each other and we are now deal with the force g at ()’andcj
couple of moment G cos about 04 as axis (Fig. 4). '

Also the axis of a couple can always be trahsferred to Paralle| axi
and hence we can choose 0’A’ as the axis of couple Gcosh | Thyg w\

have finally a force g along ©’4’and a couple of mOmen:

GeosO=T (say) about O’4’as axis (Fig. 5). Hence the result,
Note: The axis, 0’4’ is called Poinsot's Central Axis,

Next we are to show that this central axis for a System of forge
acting on a rigid body is unique

equivalent to a force R acting at O along 0’4’ and a couple [ aboy a
line 9’47 and also to a force R at o~ along »” 47 and a couple 1~ aboy
another line o~ 4~ . But we know that the resultant force is the same ip
magnitude and direction whatever base point, or origin, is taken So,
0”4 1s parallel to ()4 and the resultant force R is the same for each,

Hence the system (R,G’) about 0’4’ 1s the same as the system
(R,G”) about a paralle] line 0”4” . Now if p be the distance between
0’4’ and 947 then R along 9”47 is equivalent to R along ' 4’ with a

couple of moment R.p about an axis perpendicular to 0’4’ . Thus the
second system is equivalent to g force R along 747, a couple
G” about 9’4’ and a couple of moment R. p about an axis perpendicular
to 0’4, L.e., it is equivalent to a force R along )’ 47and a couple about
on axis which is not (4, L.€., it is not equal to the system (R,G’) with
0’A’ as axis. Hence our original assumption is wrong, i.e., we can not

find out two central axes 0’A’and 9747 |i.e. the central axis is unique.



Note: The moment of the resultant couple about the central axis is
less than the moment of the resultant couple corresponding to any point

W thh 1s not on the central axis. Because (G cos® < G for cosO < |

6.8. Conditions that a given system of forces should compounded
into a single force.

Let a system of forces acting at different points on a rigid body be
reduced to @ single force R acting at an arbitrary origin O along OA4 and

a single couple of moment G about OB as an axis such that Z40B =6 .

[f X. Y, Z be the components of the force R in the directions of th
co-ordinate axes and L, M, N be the components of G about the co

ordinate axes then direction cosines of the line of action of R art

XY Z o .
— and direction cosines of the axis OB of the couple G are

R'R'R
N
—L—,—M—,—“. Therefore,
P GG G
XL YM ZN_LX+MY+NZ
cosf=——+——t— 7= . (1)
RG RG RG RG .

Now the force R is equivalent to a force Rcos® along the axis OB of

the couple and a force R sin@along perpendicular to OB , .., in the
f the couple G there are three

i e g e e S ———

plane of the couple G. Thus in the plane o

[ forces: one R sin 8 and other two equal and unlike parallel forces

paralle
le are

. which form the couple G. Again, since a single force and a coup

together equivalent to a single force which is parallel to the given force,

so, force R sin@, together with the parallel forces of the couple, are,
8 which does not pass through O and

equivalent to a parallel force R sin
ound with Rcos6 into a single force.

therefore cannot, ingeneral, comp




Rsin@\/
\/ ,& 2 n x

70
D e
Hence, in order that the system should reduce to a single force, y,
should have 8 = /2 because that case Rcos8=0and then we are left
with a single force R sin @ not acting through O.

Hence, from (1), we get

LX + MY+ NZ =0, provided X, Y, Z do not all vanishes. Because,
1If R = ( then the system reduces to a couple of moment G. But if
G =0, then the system reduces to a single force R and
LX + MY+ NZ =0. Thus the conditions that a given system of forces
should compounded into a single force are /X + MY + NZ =(and
X2+Y*+Z2#0ie, R#0,

These are required conditions.
6.9. Invariants of the system

Whatever origin, or base point and axes are chosen, for any given

system of forces the quantities x? 4 y2 +Z%and LX + MY+ NZ are
invariable.

Let F,F, .. . : l?e a system of forces acting at the different points
A.A4,...ona 1_f1g1d body. Let O be any arbitrary chosen point of the
body. Let us consider O as the origin and any three mutually perpendicular




lines Ox,0y, 0z as the rectangular axes. et (x1, %1521 (X5,¥5,25)
’ s s .,4'2 . .

. pe the co-ordinates of A4,, 4, .. .and let (XM Z)) i Koy, B Z5) be

the components ofth.e forces F,F,. . .and (h,my,ny), (1,,my,n,)
_ be the direction cosines of line of action of F\,F, ke

Now, we know that a system of forces acting on a rigid body can be

reduced to single force R acting at O with a couple of moment G. If X
Y, Z: L, M, N be the six components of the system then ’

X=2Xl =2 Ah.Y=2Y, =2F1m1s2=2,21 =2 Fn, .
L.—_Z(ylzl—zlyl), M=3 (X,-xZ), N=Y (% -yX)

with RZ=X?+Y?+Z%and G*> = [* + M2 + N2. |
Let O’(§,m,0) be other pqint chosen as base. Let X',Y'.Z’;

L'.M’,N"be corresponding six components of the same system . Since,
due to traslation, directions of forces does not change, so

x = Xi=XRL=XY =3 Y=3Fm=Y,Z'=37Z=3 Fm=Z.
Hence resultant w.r.t. base (', is
R = Y2 4+y2+27 _Jx2+y2+2% =R
ie, x2+y>+272 remains unchanged. Therefore for any base point

x2+Y2+Z% is invariant.
But the couple component depends on the co-ordinates of the point
of application of the force. So,

L= {mn-mZ (3 01} =X (nZ -z X)) -N2Z, +52.Y,
= L-nZ+(Y i
Similarly M’ =M -{X+EZand N'=N-&Y+nX
Hence, L'X’+ MY’ +NZ'=(L-MZ+LY) X +(M-CX+EZ)Y
HN-EY+nX)Z
— LX + MY + NZ —MXZ +{XY - XY +EYZ - EYZ +XZ
=LX+MY+NZ- |
Which shows that w.rt. any base the value of
LX + MY + N7 remains unchanged i.e., the quantity LX + MY+ NZ 1S
Invariant. | |

Hence the quantities x2 +Y? +Z° and LY+MY+NZ are invariable.
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6.10. Equation of the Central Axis

10 find the eqution of the central axis of any given System of Jorces

Let a system of forces acting at different points on a rigid bOdy be
reduced to a single force R acting at an arbitrary O and 5 couple o
moment G . Let X, Y,Z,L, M, N be the six components of the SYstem

such that p> =X2+Y24 72, G? =12 + M? + N? Where X=2X|

Y=2%. 2=Yz, 1-Ypz-21), M=2 (21X, ~xz)
N=2 ik -yX%) and (x;,y,.2). (x2:72,22) - . . are poings o
application of System of forces A, F,, . . .having COMponents

(X1,4,2), (X3.5.2,), . . etc. Let O'(En,0) be any point on e
central axis. If the System be now reduced w.r.t. ¢ as base, thep
resultant force will be R (invariant) and the couple will be I, say, in
which the line of actiop of force R and the axis of the couple I wil
have the same direction.- If L', M’ ,N’be the components of " where
as X, Y, Z remain same, then

L= Z{()’l -n)Z, -(z —g)YI} =2(}’121 —ZlYl)—nZZn +§2Yi

| =L-nZ+(Y
M =2z -0X -5 -8z} =3 (o x, -n2)-¢Y x, +eY 7,
=M-{X+EZ '
AN = 240 -8 ==} = Bk -y )£ Ny X,
=N-EY+nX.

Now direction cosines of the line of action R and the axis of couple

XYZdL'M'N' tively. Si ok ..
[ are R RN T r °r ‘espectively. Since the direction of R

L'/T M’'/r ’
and the axis of I are parallel, so, we have X7k -_-_}T/_E_ _ 1; // 1:“
L' M’ N’

X Bl Z

L-nZ+LY M—§X+§Z= N-EY+nx
X B Y VA

1e.,

Oor,



Hence the locus of the point O’(§,n,L) is

L- ~yZ+zY _ M- zX+xZ N —xY+yX
:“;‘*“"" Y 7 (1)

Which is the required equation of the central axis.
Note 1: Also equation of the central axis can be expressed as
L-yZ+zY M-2X+xZ N-xY+yX
X Bre s, chidn @
LX +MY+NZ T

111+ 2] - R = P, p being pitch of the wrench. ... (2)

Note 2 : Equation of the central axis when the wrench of the system

" reduces to a single force is the intersection of the any two planes.

| For a single force, X+ MY+ NZ=0. So, from (2) we get
 L-yZ+zY=0, M-zX+xZ =0, N-xY+yX =0.Solving any two of
" the above equations, we get the equation of the central axis.



