5.2. Principle of Virtual Work for a System of Coplanar Forces

The principle of virtual work states that : If a system of co-planar
forces acting on a rigid body bé in equilibrium and the body undergo a
slight displacement consistent with the geometrical conditions of the
system, the algebraic sum of the virtual works is zero ; and conversely,
if this algebraic sum be zero, the forces are in equilibrium.

Proof. Let a system of co-planar forces P, P,--be acting at

different points A(x;, y1), 42(%3,)2)s- having components
(X, %), (X2, Yy),+- parallel to co-ordinate axes Ox and Oy. If (r, 0) be
the polar co-ordainates of 4 (x;, y;), then x; =rcos8, y; =rsin®.
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- x] =rcos(8+86)+da= r{cos 6 cos 86 —sin Osin 86} + &,
and y{ =rsin(6+86)+8a =r{sinBcosd0 +cosBsindg) + 5,
.- 80 is very small, so, by first approximation, we have
cosd0 = 1and sin 36 = 0

- x| =rcos@—rd0-sin6+da

= x; — 08y, +da
and y; = rsin 8+ 730 cos0 + 8b
=y, +80-x, +0b.
Hence displacement of 4, along x-axis = x{ — x,

Similarly displacement of 4; along y-axis= yj — y; = 8b+ x,36,
Now the virtual work done by the force A

= Sum of the works done by its components X, and Y,

= X, -displacement of 4, along x-axis +Y, - displacement of A, along
y-axis,

= Xy (x{=x )+ X (31 - »1)
= X] (ﬁa —y159) +Yl(8b+x186)
=5aX1 +5bYI +89(11Yi "'le])

Similarly, we can find work done by other forces A, A,
da; 6b and §p remain the same for each force. Hence total virtual work
done by the forces A, P, - is

Z{BaX] +0bY, +66(x1Y; —J’1X1)}

=8aZX,+6b2YI +80) (3% -y X))+ (1)

da, db, 86 being the same for all the points of the body.




Let the body be in equilibrium under the system of given co-planar
forces then,

2X=0,2%=0,Y(xY-yx)=0 . )
Using (2) in (1), we get,
Algebraic sum of the virtual works is zero.

Conversely, let the algebraic sum of the virtual works be Zero,
ie., 82 X1+86) 1 +30 (x;K 1 X1)=0-- 3)

for all arbitrary small values of 8a, 3b,and §g_Since the displacement is
perfectly arbitrary, da, 8b,00 are all independent of one another, i.e., the
above equations is true for any positive or negative independent values

of 8a, 8b,and §0 . Hence we must have

D X1=0,3 ¥i=0and Y (xi%-yX;)=0.

These are the conditions of equilibrium for a system of co-planar forces,
therefore the body is in equilibrium.

Note 1. Principle of virtual work is also necessary as well as sufficient
conditions.
5.3. Forces which may be omitted in the equation of virtual work

If a body is in equilibrium under the action of a system of forces and
if the body is given a small displacement, then the work done by the
following forces is zero. ; ; |

(1) The tensions of an inextensible string or rod.

(2) The reaction of any smooth surface with which the body is in
contact. ~

Because, the reaction is always normal to the surface and therefore
at right angles to the direction of the displacement of its point of action.

(3) The reaction at any point of contact with a fixed surface on
which the body rools without sliding.

Because, the point of contact is instantaneously at rest, hence the
normal reaction and the friction at this point have zero displacement.

(4) The reactions between any two bodies of the system considered.
Because, the action and reaction are equal and opposite.
(5) The reaction at a fixed point or a fixed axis of rotation.

Because, the displacement of the point of application of the force is
zero.
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(3) Weight of a body or weight of a system of bodies

If w be the weight and z be the depth of c. g of the bod
some fixed plane, then the work done is w; and if z be heighy beloy
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5.5. An Important Note

If a body or a system of bodies are under the action 0f no other
Jorces than the weights of the bodies and the natural actions and reactions
between them, the positions of equilibrium correspond to the maximum
and minimum values of the height of centre of gravity (c.g.) of the
system above a fixed horizontal level.

If W be the weight of the system and z the depth / height of c.g. of
tl}e system belgw / above fixed horizontal level and oz the virtual
displacement of the c.g. then the equation of virtual work is

Woz=0 or -Wdz =0,

since the mutual action and ' : iondf
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6. Procedure of solving the Problems

(1) Dr : o P
) Draw the diagram showing the directions of the given force>
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(i) Replace the string by two forces T and T acting inwards and

virtual work done by the tension is —79! , where [ is the length of the

string.

(iii)y Replace the rod by two forces 7 and T acting outwards and
virtual work done by the thrust is TSl . where [ is the length of the rod.

(iv) Calculate the distance of the points of applications of various
forces from a fixed point or a fixed line. If x be the distance of the point
of application of a force F from a fixed point, then the virtual work 1S
Fox and this work will be +ive or —ive according as the distance 1s

measured in the direction of F or in a direction opposite to .



